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Miscellaneous Solutions

Question 1:

X sind cosé

—sinf —x 1
cos & 1

Prove that the determinant is independent of 6.

Answer
x sin@ cosé
A=|-sin@ -—x 1
cos @ 1 X
= x(x: - l)—sin O(-xsiné —cosf)+cosf(—sind +xcosb)
=x' —x+xsin’ @ +sin@cos @ —sinf cos @ + xcos” &
=x -x +x(sin: 0 + cos’ (9)
=x'—x+x
=x" (Independent of &)

Hence, A is independent of 6.

Question 2:

Without expanding the determinant, prove that

2 2 3

a a be| |l a a

2 o 2 3

b b cal=|1 b b

2 2 3

¢ c ab| |1 ¢ ¢
Answer
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a a be
LHS.=b b  ca
c o ab
a ' abe
= ﬁ ¥ b abe [R —aR.R, > bR,.and R, — ¢R, ]
g & abc
a a I
=L abcllt B [Taking out factor abe from C,
abe N .
e (3 1
a a 1
= (b b’ 1
c (g 1
1 a ?
=l ¥ b [Applying C, > C; and C, «> C,]
I Z
=R.H.S.

Hence, the given result is proved.

Question 3:
cosacos i cosasinfl  —sina
—sin 8 cos f# 0
Evaluate sinacosf  sinasinf  cosa
Answer
cosacosff  cosasinff  —sina
A=| —sinfg cos f# 0

sinacos ff  sinasinff  cosa

Expanding along Cs, we have:
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A = —sin a(—sinasin2 B —cos® /}sina)+cosa(cosacosz B+cosasin’ /3)
=sin’ a(sin: B+ cos’ ,B)+cos’ oz(cos1 S +sin’ ,B)
=sin’ & (1)+cos” a(1)
=1

Question 4:
b+¢ c¢+a a+b
A=lc+a a+b b+c|=0

a+bh b+c c+a
If a, b and c are real numbers, and

Show that eithera+ b+ c=00ra=>b =rc.

Answer

b+c c+a a+b

A=|ct+a a+b b+c

a+b b+c c+a

Applying R, = R, +R, + R, we have:
2(a+b+c) 2(a+b+c) 2(a+b+c)
A=|c+a a+b b+c

a+b b+c c+a

1 1 1
=2(a+b+c)lc+a a+b b+e
a+b b+c c+a
Applying C, - C, =C, and C; = C, = C,. we have:
1 0 0
A=2(a+b+c)lc+a b-c b-a

a+b c¢—a c¢-b

Expanding along Ri, we have:
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A=2(a+b +c)(l)[(b ~c)(c—~b)~(h —a)(c—a_)]
= 2(u+b+c)[—b2 -c? +2bc—bc+bu+ac—a:']
= 2(a+b+c)[ab+bc+cu—u3 -b’ —c:]
It is given that A = 0.
(a+b+c)|:ab+bc+ca—a: -b —c"] =0
= Eithera+b+c=0, orab+bc+ca—a —b> —c* =0.
Now,
ab+bc+ca-a’ -b*-c* =0
= —2ab-2bc-2ca+2a* +2b* +2c2 =0

= ((1—[7)2 -f~(b--c)2 +(c-—a)2 =0

=(a=-b) =(b=c)" =(c-a)’ =0 I:(a—b)Z (b=c) (c—a) are non-negati\»'e:I
=>(a-b)=(b-c)=(c-a)=0
=a=bh=c

Hence, if A = 0, then eithera+ b +c=0o0ra=>b =rc.

Question 5:
x+a X X
X x+a x |=0,a#0

. X X x+a
Solve the equations '

Answer
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x+a x X
x x+a x |=0
% X  x+a

Applying R, - R, +R, +R,, we get:

3x+a 3x+a 3x+a

X x+a x |=0
X X x+a
| 1 |
=(3x+a)lx x+a x |=0
x X  x+a

Applying C, - C,-C, and C, - C,-C,. we have:

1 0 0
(3x+a)x a 0[=0
X 0 a

Expanding along R, we have:
(3x+a)[]><a1] =0

=a’(3x+a)=0

But a # 0,
Therefore, we have;
3x+a=0
o
= x=——
3
Question 6:
| & be ac+c’
a’ +ab b’ ac |=4a’bh’¢’
ab b +be ¢
Prove that
Answer
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a bc ac+c’
A=|a’ +ab b’ ac
ab b’ +bc ¢*
Taking out common factors a, b, and ¢ from C,,C,, and C,, we have:
a c a+tc
A=abcla+b b a
b b+c ¢
Applying R, - R, R, and R, - R, -R,, we have:
a C a+c

A=abc| b b-c¢ -c
b—a b —-a
Applying R, - R, +R,, we have:

a ¢ a+c
A=abcla+b b a
h-a b ~a
Applying R, > R, +R,, we have:
a ¢ a+c
A=abcla+b b a
2b 2b 0
a c a+c
=2ab’cla+b b a
1 1 0

Applying C, —» C, - C,, we have:
a c—a a+c
A=2abcla+b -a a
1 0 0
Expanding along Rs, we have:
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A= 2abzc[a(c—-a)+a(a + c)]

=2ab’c [ac— a +a’ +a(.‘]

=2ab’c(2ac)
=4a’b*c?
Hence, the given result is proved.
Question 8:
Let verify that
-2 1
(i) A=|-2 3 1
1 5
(ii)
Answer [adjA] =adj(A l)
(47) =4
1 -2 1
A=|-2 3 1
| 1 5

o4 =1(15-1)+2(-10-1)+1(-2-3)=14-22-5=-13
Now, 4, =14,4, =11, 4, =-5

Ay =114, =4,4,,=-3

Ay ==5,4,==3,4,=~1

14 11 -5
sadid={11 4 53
-5 -3 -1
|
s A7 =—(adjA
|A|( b4)
14 11 -5 -14 —11 5
:—L 11 4 -3 =L —11 —4 3
13 13
-5 -3 -1 5 3 |

()
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\adjA| = 14(~4—9)=11(~11-15)—5(-33 +20)
=14(-13)-11(-26)-5(-13)
= —182+286+65=169

We have,
-13 26 ~13

adj(adjAd) = | 26 -39  -13
=13 I3 =65

1
~Nadidl ' = ——(adj(adjA
[adjA] |adJ'A|( ij (adjA))
-13 26 -13
-1l -39 -13
169
-13 -13 -65
=1 2 =1
e ! I -
13
-1 =1 =8
[ 2 20, 8]
14 -11 5 :? ': '33
Now, A'=—|-11 —4 Qllsliaes S 2
13 13 13
5 3 |
A S
(13 13 13]
o B _(_l_'__.li) _33 .20
169 169 169 169 169 169
5
sadi(4")= _(_L__‘_S_) A4 23 _[_i%+_§.)
169 169 169 169 169 169
o 33 20, _[_£+£) S6 121
169 169 169 169 169 169
-13 26 ~13 -1 2 -1
= Dl o35 s |=X]3 4 =]
169 13
=)3 ==]3 =63 =] =] =5

Hence, [adjA| ' =adj(A" )
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(i)
We have shown that:
] -4 =11 5§
Al=—|-11 4 3
13| .
5 3 |
I -1 2 -1
And,ade"=B2 -3 -l
-1 -1 -5
Now,

13

g oy gt 2 <[ =2
s sHore—x—l2 3 Al|s|2 3 1]=4
15

47| {_1)13 0 of 4| 3

13
(4 =4

Question 9:
X y xX+y
y x+y x
X+ X V
Evaluate * 2
Answer
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x y x+y
A=y xX+y x
x+y x v

Applying R, - R, +R, +R,, we have:

2(x+y) 2(x+y) 2(x+y)
A= y xX+y X
X+ y x y
1 1 1
=2(x+y)| ¥ x+y x

xX+y x y

Applying C, > C, -C, and C; —» C, -C,, we have:

| 0 0
A=2(x+y)| » X x-y
X+y -y —x

Expanding along Ry, we have:
A=2(x+ y)l:—_wr2 + y(x—y)]

=-2(x +y)(x3 +y° —yx)

= —2(1\'3 +y3)
Question 10:
1 x y
1 X+y y
il X xX+y
Evaluate ' :
Answer
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y
y
x+y

Applying R, - R, -R, and R; = R, —R,, we have:

| X ¥
A=|0 ¥ 0
0 0 X
Expanding along C;, we have:
A=1(xy-0)=xy
Question 11:
Using properties of determinants, prove that:
a a Py
BB yral=(B-y)(r-a)(a-pB)(a+p+y)
g gt atp
Answer
a a’ Py
A=|B p y+a
y 7 a+p
Applying R, - R, —=R, and R; = R, —R,, we have:
a a’ B+y
A=|f-a p-a’ a-
y-a y-al a-y
o al@ Py
=(p-a)(y-a)| f+a -1
I y+a -1

Applying R; = R, =R, we have:
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a a’ B+y
A=(p-a)(y-a) pf+a -1
0 y-p 0
Expanding along R3, we have:
A=(p-a)(r-a)[-(r-B)(-a-B-7)]
=(B-a)(r-a)(r-B)a+pB+y)
=(a-p)(B-r)r-a)la+p+r)

Hence, the given result is proved.

Question 12:
Using properties of determinants, prove that:

X X 14 px’
v Vv 1+ pv'| = (14 payz) (x=») (y—2)(z-x)

2 3
z z 1+ pz

Answer
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N

x X I+ px’
A= y y: | + py:‘
2

z z 1+ pz’
Applying R, - R, =R, and R, = R, -R,, we have:

x x? I+ px’
A=ly-x yi=a P(.V" ‘x3)
z=X 2 -x p(z“—r‘)
X 2 1+ px’
=(y-x)(z-x)|l y4X p(y2 +x° +xy)
I z+x p(z2 +x° +xz)

Applying R, = R, -R,, we have:

x 2 1+ px’
A=(y-x)(z-x)|l y+x p()’2 +x° + xy)
0 z-y  plz-y)(x+y+z)
x 3 1+ px’
=(y-x)(z=-x)(z-»)f1 y+x P()": +x2+x)-’)
0 1 p(x+y+z)

Expanding along R3, we have:
A=(x-y)(y-2)(z- x)[(—l)(p)(.\fy2 ¥+ x:y)+ 1+ px* + p(x+y+ :)(n):l
=(x—y)(y-2)(z —x)[—p.\'y2 —px —pXy+1+px’ + pXPy+ pxy’ + px;:]

=(x=y)(v-2)(z—x)(1+ p0z)

Hence, the given result is proved.
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Question 13:

Using properties of determinants, prove that:
3a -a+bh —-a+c¢

~b+a  3b —b+c|=3(a+b+c)(ab+be+ca)
-c+a —c+b 3¢

Answer

3a —-a+b —a+c

A=-b+a 3b -b+c

—-c+a —c+b 3¢

Applying C, = C, +C, + C,, we have:

a+b+c —a+b -a+c
A=la+b+c 3b ~b+c
a+b+e —c+b 3¢
1 —a+bh —-a+c
=(a+b+c)|l 3b ~b+e
1 —c+b 3¢
Applying R, = R, =R, and R; - R; —R,. we have:
| ~a+b ~a+c
A=(a+b+c)|0 2b+a a-b
0 a-c 2c+a

Expanding along C;, we have:
.f,\:(a+b+c)[(2b+a)(2c‘+a)—(a—b)(a—c)]
=(a+b+ c)[4bc+ 2ab+2ac+a’ —a’ +ac+ ba-—bc]
=(a+b+c)(3ab+3bc+3ac)
=3(a+b+c)(ab+be+ca)

Hence, the given result is proved.

Question 14:

Using properties of determinants, prove that:
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1 1+p 1+ p+gq
2 3+2p 4+3p+2¢q |=1
3 6+3p 10+6p+3¢q
Answer
] 1+ p I+ p+gq
A=|2 342p 443p+2¢q
3 6+3p 10+6p+3q
Applying R, - R, -2R, and R; —» R, 3R, we have:
1 I+ p I+ p+g
A=|0 1 24+p
0 3 7+3p
Applying R, — R, —=3R,. we have:
1 1+p l+p+gq
A=|0 | 2+p
0 0 I

Expanding along C;, we have:
1 24 p
0

Hence, the given result is proved.

A=1 =1(1-0)=1

Question 15:

Using properties of determinants, prove that:
sina cosa cos(a+0)

sinf cosf cos(f+3) =0

siny cosy cos(y+d)

Answer
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sing  cosa cos(a+0)
A=lsinff cosfi cos(f+0)

siny  cosy cos(y+0)

sina sind COSACOSO  COSICOsO —sinasind

= — ~[sin #sind cos fecosd  cos feosd —sin fsind
sino coso | . " N Ui 5

S ysin o COS ¥ Coso COS Y COSO — sin ¥sinod

Applying C, - C, +C;. we have:
COS & COSO COSECOSO  COS&COSO —sinasind

A=————cosffcosd cosflcosd  cosfcosd—sinfsinod
SINO COSO 3 . o L R
COS ¥ COS O COS ¥ COS O COS ¥ COS O —sin ysind
Here, two columns C, and C, are identical.
FA=D;

Hence, the given result is proved.

Question 16:

Solve the system of the following equations
:.{.1_*_& = 4
x y z
4 6 5
———+—=1
X W o2
-
_6. = w 2 - £ =2
X y =z

Answer
1 1

1
—=p,—=q¢,—=T.
Let * y 4

Then the given system of equations is as follows:
2p+3g+10r=4

4p—-6g+5r=1

6p+9g-20r=2

This system can be written in the form of AX = B, where
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2 3 10 P 4
A=|4 -6 5 |.X=|gq|andB=|1|.
6 9 =20 ’ 2
Now
!A%=2([20—45)—3(—80—30)+10(36+36)
=150+330+720
=1200 A

Thus, A is non-singular. Therefore, its inverse exists.

Now,

A1 =75, A1 = 110, A1z = 72
Az = 150, A = =100, A3 =0
As; =75, As; = 30, Ass = — 24
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Question 17:
Choose the correct answer.
If a, b, ¢, are in A.P., then the determinant

A. 0 B.1 C. x D. 2x
Answer

Answer: A
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